In this paper, the fuzzy analytic network process (FANP) is proposed. For achieving this purpose, two problems are highlighted and overcome in this paper. First, the postulate of the reciprocal matrix should be released, because this property is not satisfied in the fuzzy comparison matrix. Second, the convergent problem for raising the fuzzy supermatrix to limiting power should be appropriately handled. In this paper, we directly fuzzify Cogger and Yu's method for obtaining the fuzzy local vectors, because their method releases the postulate of the reciprocal matrix in the analytic hierarchy process (AHP). Then, we derive the particular matrix problem for obtaining the fuzzy global weight vector so that the convergent problem in a fuzzy limiting supermatrix can be overcome.
Introduction
In 1970s, the analytic hierarchy process (AHP) was proposed by Saaty 1,2 to model subjective decision-making processes based on the information of pairwise comparison between criteria in a hierarchical system. From that moment on, it has been widely used in dealing with various kinds of multiple criteria decision making (MCDM) problems. However, the restricted postulate of the hierarchical structure makes the AHP cannot well perform in some realistic problems. Therefore, in 1996, Saaty 3 proposed the analytic network process (ANP) to release the postulate of the hierarchical structure so that dependence and feedback effects among criteria can be considered.
In the traditional AHP/ANP, a decision-maker is first asked to express his/her preferences through the exact relative ratios of weights between each criterion, and then, the weight of each criterion is derived. However, since AHP/ANP is a subjective decision-making tool, the restrictions of incomplete information and subjective uncertainty should be considered. Therefore, it is more natural that a decision-making provides fuzzy judgments, instead of precise comparison, to give the relative ratios of weights between each criterion.
To extend the AHP under fuzzy environments, a considerable number of methods have been proposed. In the fuzzy analytic hierarchy process (FAHP), scholars proposed the fuzzy logarithmic least squares method (LLSM) deal with the problem of uncertainty. Despite many methods were proposed to provide more accurate and appropriate fuzzy weights, the critical assumption of the reciprocal matrix seems to be ignored in developing the FAHP. It should be highlighted that the property of reciprocity truly deters the extension of the FAHP, because if a triangular fuzzy number ij a denotes the ratio of the weight that the criterion i dominates the criterion j, the symmetric entry ji a is not triangular (i.e., 1/ ij ji a a ≠ ). Therefore, we cannot develop the FAHP based on the incorrect postulation of the reciprocal matrix.
On the other hand, Mikhailov and Singh 10 proposed the fuzzy analytic network process (FANP) to extend the ANP fuzzy environments. Their method first derived crisp local weights from the fuzzy pairwise judgments by using the fuzzy preference programming (FPP) method 9 , and then a crisp weighted supermatrix is formed and raised to a steady-state process to obtain global weights. In other words, their method can only derive fuzzy weights in the AHP rather than fuzzy weights in the ANP. In addition, scholars [11] [12] [13] [14] proposed another method to deal with the uncertain judgments in the ANP based on fuzzy arithmetic operations. However, their methods may result in the convergent and rational problems of fuzzy global weights, due to using the standard fuzzy arithmetic operations to multiple and divide fuzzy numbers. Clearly, the hardest problem for proposing the FANP is to deal with the convergent problem of a fuzzy supermatrix, i.e., to overcome the limiting power of a fuzzy supermatrix 15 . A simple example is used to show the convergent problem in a fuzzy limiting matrix as follows. Note that for simplicity, a fuzzy number used in this paper is represented as a triangular form.
Let a fuzzy matrix be given as: (0.2, 0.3, 0.4) (0.5, 0.6, 0.7) (0.6, 0.7, 0.8) (0.3, 0.4, 0.5)
Then, the limiting matrix of M can be calculated using interval arithmetic operations as:
where (k) denotes the power operation. Obviously, the above solution is not a satisfactory result.
In this paper, we overcome the previous problems as the following way. First, Cogger and Yu's eigenvector method 16 is fuzzified to obtain fuzzy local weight vectors so that the postulate of the reciprocal matrix in the AHP is released. Then, a matrix method is derived to avoid the convergent problem of a fuzzy supermatrix for obtaining fuzzy global weights. Hence, the proposed method can provide appropriate fuzzy local weights but does not claim the problematic postulate that 1/ ij ji a a = and overcome the convergent problem in raising a fuzzy supermatrix to limiting power. The remainder of this paper is organized as follows. In Section 2, a matrix method for the ANP is proposed. The way to develop the FANP is given in Section 3. An application used to demonstrate the proposed method is in Section 4. Discussions are presented in Section 5 and conclusions are in the last section.
A Matrix Method for the Analytic Network Process
The ANP is a popular technique used to model subjective decision-making processes according to the information of the pairwise comparison between criteria. The first step of the ANP is to compare the ratios of weights between criteria with respect to each cluster. In this step, the postulate of a reciprocal matrix is claimed such that if ij a denotes the ratio of the weight that the ith criterion dominates the jth criterion, 1 
By introducing the weight vector 
Finally, since * A is the nonsingular matrix, the local weight vector can be derived as: 
Then, we can obtain 2 3 5 0 1 2
The weight 
Therefore, the work of finding weights in the AHP is transformed to calculate the last column vector of the inverse of the matrix * A . Once we derive all local weight vectors in the AHP, we can form the supermatrix according to the particular network structure. The general form of a supermatrix can be represented as follows: 
where C m denotes the mth cluster, e mn denotes the nth element in the mth cluster, and W ij is the local priority matrix in which the jth cluster influences the ith cluster. Note that if the jth cluster has no influence on the ith cluster, then ij = 0 W .
A simple case of a network structure is given in Fig. 1 . Then, the weighted supermatrix can be obtained by transforming the sum of all the columns equal unity exactly. This step is very similar to the concept of Markov chains, which requires that the sum of the probabilities of all states equals to one.
Next, for simplicity, we rewrite the general form of the supermatrix with the following matrix: Since Π can be viewed as a transition matrix of a Markov chain and
Π has ever entry positive (i.e., Π is regular), there is a unique column matrix π satisfying Ππ = π , and the entries of π are positive and sum to 1, where π can be regarded as the global weight vector in the ANP. Therefore, to derive the steady-state process of a supermatrix, we can solve the following system of linear equations: 
By moving the right-side of Eq. (8) (1 ) 0, 
Finally, if * B is the nonsingular matrix, the global weight vector can be derived as 
We can summarize the characteristics of the proposed method as follows. First, the proposed method does not need to hold the property of the reciprocal matrix in the AHP. The first property makes the possible way to naturally extend the AHP to the FAHP. Second, instead of solving the limiting power of a supermatrix, a global weight vector can be derived by solving the particular matrix problem. The second property avoids the convergent problem of the fuzzy supermatrix. Next, we will describe how to derive the procedures of the FANP in Section 3.
The Fuzzy Analytic Network Process
In order to consider the ANP under fuzzy environments, fuzzy numbers are used to compare the ratio of weights between criteria. In this paper, a fuzzy number is presented as the triangular form. Other forms of fuzzy numbers can be easily employed using the same procedures. 
It is clear that if we can derive the inverse of * A , we can obtain local fuzzy weights in the AHP. Therefore, to find the inverse of a fuzzy matrix, at least two methods can be used: the linear programming approach and Cramer's rule. Next, we briefly introduce the above methods as follows.
Let us first consider the crisp case and C be a nonsingular matrix. The inverse of 
To derive 1 − C , we can rewrite Eq. (15) and solve the following system of linear equations synchronously: 
In addition, we can also solve the Eq. (17) using Cramer's rule such that
where j C is C with its jth column replaced by (1, 1, , 1) ′ = 1 … . Other column vectors of 1 − C can be derived using the same procedure. For fuzzy numbers, we can solve the following linear programming problem for deriving local fuzzy weights in the AHP: max/ min ij c ′ 
Since Eqs. (19)-(21) may be hard to evaluate, some heuristic algorithms (e.g., genetic algorithm, ant algorithm, or simulated annealing) can be used to obtain approximate solutions.
Next, an example is given to show the procedure that how the inverse of a fuzzy matrix can be derived in the AHP. Assume that the upper triangular fuzzy comparison matrix can be given by the decision-maker as: Table 1 . To check the fuzzy local weights visually, we can depict the triangular-shaped fuzzy local weights of the given example as shown in Fig. 2 . B . Therefore, the method of finding global weights in the FANP is similar to the above procedures. Next, an application is used to demonstrate the proposed method in Section 4.
An Application
Consider the market share of a food company can be evaluated by three clusters: Advertising ability (C 1 ), Quality ability (C 2 ), and Attraction ability (C 3 ). Each cluster can be divided into three criteria, including Creativity, Promotion, Frequency, Nutrition, Taste, Cleanliness, Price, Location, and Reputation, respectively. The decision maker wants to determine the weights of the criteria using the ANP so that he/she can allocate the appropriate budgets for obtaining the maximum market share. Due to the restrictions of incomplete information and human subjective judgments, the decision-maker employs fuzzy numbers to judge the ratios of the weights between the criteria. The network structure adopted in this application to deal with the problem of the market share is depicted as shown in Fig. 3 . Table 2 . Table 2 . The fuzzy global weights in the application.
Fuzzy global weights -cut
Next, to show the justification of the proposed method, we find the crisp global weights using the vertices of the fuzzy numbers in the fuzzy supermatrix, and show they belong to the alpha-zero cut of the fuzzy global weights.
Let a crisp supermatrix Hence, we can conclude that the proposed method can obtain the appropriate fuzzy global weights and overcome the convergent problem of a fuzzy limiting supermatrix. However, we should highlight the possible difficulty that the decision maker may have in allocating the budgets based on the results of the fuzzy global weights. Clearly, since the global weights of the criteria are fuzzy numbers, it is not straightforward for a decisionmaker to make the decision. In this situation, the problem of ranking fuzzy numbers is considered to compare fuzzy numbers.
Many defuzzification methods have been proposed to rank fuzzy numbers, including preference relation methods, fuzzy mean and spread methods, fuzzy scoring method, and linguistic expression methods. One of them can easily be employed to obtain crisp overall scores of alternatives. However, it should be highlighted that none of all defuzzification methods can outperform to others in all fuzzy situations. In addition, since the purpose of this paper is to propose extend the ANP under fuzzy environments, the issue of ranking fuzzy numbers is ignored. Next, we provide the depth discussions according to the finding of our application in Section 5.
Discussions
The ANP is a popular technique used to model subjective decision-making processes according to multiple dependent and conflict criteria. Recently, it has been widely used in corporate planning, portfolio selection, and benefit/cost analysis by government agencies for resource allocation purposes. However, a crucial issue about the ANP under fuzzy environments seems to be ignored. Since fuzzy global weights may provide the important information for decision-makers to make dynamic decisions, we should develop an appropriate approach to provide the information of fuzzy global weights in the ANP.
Two problems for extending the ANP under fuzzy environments are considered and overcome in this paper. First, the problematic postulate that 1 ( ) ij ji a a − = is released by directly fuzzifying Cogger and Yu's eigenvector method. Second, the convergent problem of a fuzzy limiting supermatrix is overcome by solving the particular matrix problem. From the results of the application, it can be seen that the proposed method can fully extend the ANP to consider fuzzy situations. Compared to the crisp ANP, the advantages of the proposed method can be described as follows. First, due to the restrictions of incomplete information and subjective uncertainty, fuzzy numbers are more suitable for judging the relative weights between criteria. Furthermore, the fuzzy global weights can be obtained for decisionmakers to understand the degrees of uncertainty. It should be highlighted that the ANP is one special case of the proposed method when -cut 1 α = .
Conclusions
Although the ANP has been widely used in various applications, it is hard for a decisionmaker to quantify precise ratios of weights between criteria under incomplete information and subjective uncertainty. In this paper, the FANP is proposed to extend the conventional ANP and the fuzzy judgments are used to compare the relative ratios of weights between criteria. For obtaining the appropriate fuzzy local/global weights, we first derive the AHP/ANP problem to the particular matrix problem. Then, we solve the inverse of the fuzzy matrix to obtain the fuzzy local/global weights. Furthermore, from the results of our application, we can conclude that the proposed method can appropriately extend the ANP under fuzzy environments.
